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We use quantum electrodynamics and the confinement-induced nonlocal dielectric response model
based on the Keldysh-Rytova electron interaction potential to study the epsilon-near-zero modes of
metallic films in the transdimensional regime. New peculiar effects are revealed such as the plasmon
mode degeneracy lifting and the dipole emitter coupling to the split epsilon-near-zero modes, leading
to biexponential spontaneous decay with up to three-orders-of-magnitude increased rates.
Transdimensional (TD) materials are ultrathin planar
nanostructures composed of a precisely controlled finite
number of monolayers [1]. Modern material fabrication
techniques allow one to produce stoichiometrically per-
fect films of metals and semiconductors down to a few,
or even a single monolayer in thickness [2–6]. TD mate-
rials make it possible to probe fundamental properties
of light-matter interactions as they evolve from a single
atomic layer to a larger number of layers approaching the
bulk material properties. The current research has been
largely focusing on either purely 2D structures including
metal-dielectric interfaces and novel 2D materials [7, 8],
or on conventional bulk materials, being guided by the
traditional view that only the dimensionality and chem-
ical composition are important to control the optoelec-
tronic properties of materials. The transitional, transdi-
mensional regime laying in between 3D and 2D, has been
largely out of the major research focus so far.
Ultrathin films made of metals, doped semiconduc-
tors, or polar materials with a thickness of only a
few atomic layers, can support plasmon-, exciton-, and
phonon-polariton eigenmodes [6–13]. Such TD materi-
als are therefore expected to show the high tailorabil-
ity of their electronic and optical properties by vary-
ing their thickness (number of monolayers), chemical,
atomic and electronic composition (stoichiometry, dop-
ing) as opposed to conventional thin films usually de-
scribed by the bulk material properties with boundary
conditions imposed. Plasmonic TD materials (ultrathin
finite-thickness metallic films), in particular, can pro-
vide controlled light confinement due to their thickness-
dependent localized surface plasmon (SP) modes [12, 13],
thereby offering tunable light-matter coupling, higher ad-
justable transparency and new quantum phenomena such
as enabling atomic transitions that are normally forbid-
den [14]. Similar to truly 2D and quasi-2D materials such
as graphene and transition metal dichalcogenide mono-
layers [8, 15], plasmonic TD materials are also expected
to show the extreme sensitivity to external fields, mak-
ing possible advances such as novel parity-time symmetry
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breaking photonic designs [16] that can further develop
the fields of plasmonics and optical metasurfaces [17, 18].
However, while some predictions on tunability, anoma-
lous dispersion, and strong light confinement in ultrathin
plasmonic films have been made [19–23] much remains
unclear about their nonlinear optical response, quantum
near-field and nonlocal effects.
Here we use macroscopic quantum electrodynamics
(QED) and the confinement-induced nonlocal Drude di-
electric response model based on the Keldysh-Rytova
(KR) pairwise electron interaction potential [21–23], to
study epsilon-near-zero (ENZ) modes and their coupling
to a point-like atomic dipole emitter (DE) near the sur-
face of the metallic film in the TD regime. The ENZ
modes are vertically confined SP modes of frequency ω(k)
reaching the plasma oscillation frequency ωp of the film
whereby its dielectric response function crosses zero [12].
Using the KR model, we have earlier shown the ultrathin
plasmonic films to exhibit new effects such as the low-
frequency negative refraction and resonance magneto-
optical response [22]. Here, we demonstrate new peculiar
thickness-controlled features such as the SP mode degen-
eracy lifting and the DE coupling to the ENZ modes split.
We show that this coupling leads to biexponential spon-
taneous decay with rates raised by two-to-three orders of
magnitude. Our results generalize the fundamental work
by Drexhage [24] and relevant recent works [12, 13] by
taking into account the confinement effects in TD films.
Confinement-induced nonlocality.— The electrostatic
Coulomb field produced by remote charges confined in
the film outside of their confinement region starts playing
a perceptible role with the film thickness reduction [25].
If the environment has a lower dielectric constant than
that of the structure confined [as it shows in the inset of
Fig. 3 (a) with ε1,2<ε], the increased ’outside’ contribu-
tion makes the Coulomb interaction of the charges con-
fined stronger than that in a homogeneous medium with
the same dielectric constant. As a consequence, the in-
plane plasma oscillation frequency in the Drude response
of the metallic film of thickness d takes the form [21]
ωp = ωp(k) =
ω3Dp√
1 + (ε1 + ε2)/εkd
, (1)
2where k is the in-plane momentum absolute value. As d
decreases, this ωp(k) is seen to shift to the red, acquiring
the
√
k spatial dispersion of 2D materials [15]. With d in-
creasing it gradually approaches ω3Dp , the screened bulk
material plasma frequency. With this in mind, well be-
low the interband transition frequencies, one can use the
confinement-induced nonlocal Drude dielectric function
ǫ(k, ω)
ε
= 1− ω
2
p(k)
ω(ω + iγ)
(2)
for the low-frequency response of the plasmonic film in
the TD regime. Here, γ is the phenomenological inelastic
electron scattering rate and ωp(k) is given by Eq. (1).
For metals at frequencies below the interband transition
frequencies, ε is known to be ∼ 10 in magnitude, being
contributed both by the positive background of ions and
by the interband transitions to some extent [19, 26].
Under continuous low-intensity light illumination the
plasmonic film can still be treated as being at the thermal
equilibrium. The thermal averaging of Eq. (1) then gives
ωp(d, T ) =
∫ kc
0 dkk ωp(k)n(k)/
∫ kc
0 dkkn(k). Here, the nu-
merator sums up over all the plasma frequency modes
with different k that are occupied at temperature T with
the mean occupation number n(k) = [e h¯ωp(k)/kBT−1]−1,
while the denominator provides the total number of such
modes in the 2D k-space (bounded above by the 2D
plasmon cutoff kc). This expression was recently used to
explain a peculiar plasma frequency T -dependence ob-
served for 100 nm thick TiN films at cryogenic tempera-
tures [26]. At not too low T , for very thin films, ωp(d, T )
loses its T dependence to take the form
ωp(d) =
2C2d2 ω3Dp
(1 + 2Cd)
√
Cd(1 + Cd) − sinh−1(
√
Cd )
(3)
with C = εkc/(ε1+ε2), to give the
√
d thickness behavior
in the ultrathin regime. This agrees well with the recent
room-T measurements [4] and simulations [11] of ωp for
stoichiometrically perfect TiN films of controlled variable
thickness. Within its applicability domain, Eq. (3) can
be used to obtain ε and/or kc with C being treated as a
parameter to fit experimental data in terms of the stan-
dard local Drude model, which is typically the case in
relevant experiments [4, 26].
Transdimensional ENZ modes.— A straightforward
way to elucidate the real nature of the ENZ modes of the
ultrathin plasmonic films in the TD regime is to look at
the dipolar spontaneous emission which in close proxim-
ity to the film is controlled by the near-field electromag-
netic (EM) coupling to these modes. Consider an excited
two-level atom (a point-like DE) positioned at rA=zAez
above the surface of the film as sketched in the inset of
Fig. 3 (a). In absence of external EM radiation, such an
emitter couples to its surrounding vacuum EM field via
the transition dipole moment dµ = 〈u|dˆµ|l〉 (µ = x, y, z)
between the lower |l〉 and upper |u〉 atomic states sepa-
rated by the frequency ωul (which we merely abbreviate
as ω in what follows). For such a quantum system, the
rigorous medium-assisted QED approach gives the spon-
taneous decay rate in the form [27, 28] (Gaussian units)
Γ(zA, ω) = Γ0 +
8πω2
h¯c2
∑
µ,ν=x,y,z
dµdν ImG
sc
µν(zA, zA, ω), (4)
where the first and second terms represent the free space
and interface scattering contributions, respectively. Here,
G scµν(z, z
′, ω) is the scattering part of the Green tensor of
a planar multilayer structure [sketched in Fig. 3 (a) in our
case] [29], which can be diagonalized to take the form [28]
G scµµ(zA, zA, ω) =
i
2
∫ +∞
0
dk
k
β2
Rµµ(k) e
2iβ2zA , (5)
Rxx,yy = r
s
2−(k)−
β22c
2
ε2ω2
rp2−(k), Rzz =
2k2c2
ε2ω2
rp2−(k)
with the integration done over the absolute value k of the
in-plane momentum component of spontaneously emitted
s- and p-polarized photons (TE and TM waves, respec-
tively). Their reflection coefficients are given by [29]
rσ2− =
rσ2 − rσ1 e2iβd
1− rσ1 rσ2 e2iβd
(σ = s, p), (6)
rsj =
βj − β
βj + β
, rpj =
βj ǫ(k, ω)− βεj
βj ǫ(k, ω) + βεj
(j = 1, 2),
βj =
√
εjk20 − k2, β =
√
ǫ(k, ω)k20 − k2 .
Here, β1,2 and β are the absolute values of the photon mo-
mentum z-components in region 1 (substrate), in region 2
where the emitter is located, and in the film itself, respec-
tively, ǫ(k, ω) is the film response function of Eq. (2), and
k0=ω/c. Rescaling of the quantities in Eq. (5) by
zA=
lA
2κ
, Rµµ=
2
κ
R¯µµ, k=κt, iβ2=κx, β2=κy (7)
with κ=k0
√
ε2 , allows one to rewrite it as a sum of the
two well-defined single-valued real integrals of the form
G scµµ(zA, zA, ω) = i
∫ +∞
0
dt
t√
1−t2 R¯µµ(t) e
i
√
1−t2 lA (8)
=
∫ +∞
0
dx R¯µµ(
√
1+x2 ) e−xlA+ i
∫ 1
0
dy R¯µµ(
√
1−y2 ) eiylA .
Here, the term containing an exponentially damped fac-
tor results from evanescent waves and the term contain-
ing an oscillating factor results from propagating waves,
to contribute the most near the surface and at large dis-
tances from the surface of the film, respectively.
In general, Green’s tensor poles on the real axis of the
complex momentum space define the dispersion relations
for the eigen modes of the problem [30]. These poles in
Eq. (5) come from the reflection coefficient poles. From
Eq. (6) one can see that only the rp2− coefficient can have
poles representing the ENZ modes of the ultrathin film,
in which case ǫ(k, ω)≈ 0 and d→ 0. Further inspecting
3Eqs. (6)–(8) one can find that only the p-evanescent wave
coefficient rp2−(
√
1+x2 ) can have poles on the real axis
while the p-propagating wave coefficient cannot. Finally,
only those poles of rp2−(
√
1+x2 ) located in the domain
0 < x < 1 can significantly contribute to G scµµ(zA, zA, ω)
due to the presence of the exponential damping factor
e−xlA in the first integral of Eq. (8). With this in view
and assuming ε1≈ ε2 for simplicity, the poles of interest
come out as zeros of the denominator of the rp2−(
√
1+x2 )
coefficient. They can be obtained by expanding the de-
nominator in Maclaurin series through the second order
in x. The roots of the quadratic trinomial thus obtained
give the two ENZ dispersion modes as follows
x±(d) = −b±
√
b2 − c , c(d) = ε2/ǫ− 1
ǫ/ε2 + ε2/ǫ
, (9)
b(d)=
√
ǫ/ε2−1 cot(κd
√
ǫ/ε2−1 )
ǫ/ε2 + ε2/ǫ
, ǫ=ǫ(κ
√
1+x2) |x=0 .
Here, as follows from Eqs. (1) and (2) after rescaling (7),
ǫ(κ
√
1+x2)
ε
=1− εk
3D
p d
√
1+x2
(2
√
ε2 + εk3Dp d
√
1+x2 u)(u+iδ)
(10)
with u=ω/ω3Dp and δ= γ/ω
3D
p being the dimensionless
analogues of their respective quantities, and k3Dp =ω
3D
p /c.
This equation exhibits the explicit d dependence coming
from the confinement-induced nonlocal Drude dielectric
response of the KR model we use, which is seen to turn
into the standard local Drude response as d increases.
Figure 1 (a) shows Eq. (10) as a function of d and x
with other parameters chosen to take on moderate values
typical of systems such as, for instance, nitrogen-vacancy
centers in nanodiamonds near the TiN surface [31, 32].
They are ω3Dp = 2.79 eV [31], ε = 7.8 [26], ε2 = ε1 = 1,
u = 0.65 [32], and δ = 0.01. These parameters are used
as representative examples for the figures shown in this
work. The sharp d dependence one can see in Fig. 1 (a)
in the domain where Re ǫ ≈ 0 indicates that the ENZ
modes of ultrathin films can be controlled by adjusting
the film thickness. Such an opportunity disappears with
the thickness increase, however, whereby Re ǫ becomes a
large negative constant.
Figure 1 (b) compares the ENZ modes visualized by
the density plot of the imaginary part of the rp2−(
√
1+x2 )
reflection coefficient [contributing the most to Eq. (4) as
per Eq. (8)] calculated directly from Eq. (6), to the ap-
proximate modes of Eq. (9). The functions Rex±(d) are
plotted by the black dotted lines. The correspondence
is seen to be nearly perfect for x< 1 where the approx-
imation is valid. We see the splitting of the doubly de-
generated mode with decreasing film thickness. As d de-
creases, the higher momentum branch x+ goes straight
up and approaches the Re ǫ=0 line [red dashed line, also
highlighted in (a)] from the negative side. The lower mo-
mentum branch x− goes slowly down, passes through the
minimum, rises up abruptly, and then dies away on the
Re ǫ<0 side. It then pops up on the Re ǫ>0 side though,
FIG. 1. (Color online) (a) The confinement induced nonlocal
Drude dielectric response of Eq. (10) as a function of d and x
(see text for other parameters chosen). (b) The density plot of
the Im rp
2−
(
√
1+x2 ) reflection coefficient as given by Eq. (6).
Black dotted lines show the approximate modes of Eq. (9).
passes through the maximum, and tends to zero linearly
with d going down to zero. The analytical expressions of
Eqs. (9) and (10) allow us to study these universal pe-
culiar features (apparently originating from the nonlocal
dielectric response) for both modes, and thus to general-
ize the results reported earlier for only one of the modes
(the one with higher momentum) within the local Drude
response model [12, 13]. For example, while for conven-
tional thin films x+(d) = x−(d) =−b(d) since Re ǫ≪−1
and b2(d)=c(d) at large d, for ultrathin films in the TD
regime one has b2(d)≫ c(d) and the degeneracy is lifted
to give the two split modes as follows
x+(d)=− 2
κd (ǫ/ε2 + ε2/ǫ)
, x−(d)=
κd
2
(
1− ε2
ǫ
)
. (11)
Here, the upper mode x+(d) can be shown to repro-
duce the thickness dependence of the long-range plasmon
dispersion reported earlier in Ref. [12] within the local
Drude response model, which follows from our Eq. (10)
in the large d limit. The lower mode x−(d) exhibits the
peculiar features mentioned above. Testing it for extrema
4FIG. 2. (Color online) The dispersion relations k(ω) of the
SP modes for (a) 300 nm and (b) 30 nm thick films as given
by Eq. (12). Short-range (−) and long-range (+) modes are
shown by the blue and black lines, respectively, with solid and
dashed lines tracing their respective real and imaginary parts.
leads to
d1,2 =
2
√
ε2 u
εk3Dp (1− u2)
[
1±
√
1− (ε− 1)(1− u
2)
ε− (ε− 1)u2
]
for the local minimum and the local maximum of the
x−(d) function, respectively, traced by the vertical blue
dashed lines in Fig. 1 (b). This allows one to control these
features by adjusting the film parameters appropriately.
From Eq. (9) one can also obtain explicitly the dis-
persion relations for the short- and long-range SP modes
(within the limits of our approximation) as given by the
KR model nonlocal dielectric response (10) that we use
here. With the relation between k and x provided by
Eq. (7), one obtains the two SP modes as follows
k± = κ
√
1 + x2± = k
3D
p
√
ε2(1 + x2±)u (12)
with x±(d) given by Eq. (9), or by Eq. (11) for the ultra-
thin film case in the TD regime. These are plotted in
Fig. 2 for two different thicknesses to demonstrate the ef-
fect of thickness on the short- and long-range SP modes.
They are d = 300 nm in (a) and d = 30 nm in (b) [cf.
Fig. 1 (b)], with all other parameters being the same.
Highlighted in blue and black are the short- and long-
range SP dispersion modes, respectively, with the solid
and dashed lines representing their respective real and
imaginary parts. The dashed red line depicts the light
cone line. Taking the square root in Eq. (12) generates so-
lutions with both positive and negative imaginary parts.
FIG. 3. (Color online) (a) Dimensionless distance dependence
of the Γ/Γ0 ratio of Eq. (4) for the perpendicular (zz) and
parallel (xx) DE orientation (sketched in the inset). (b) Same
for the distance zA in nanometers, with the largest contribu-
tion coming from the evanescent term in Eq. (8). The dotted
blue line segments guide the eye for the biexponential decay.
However, only the positive imaginary part solutions must
be accepted for causality reasons, according to how the
scattering Green tensor in Eq. (5) is defined in our case,
which assumes the e−i(ωt−k·r) space-time convention.
In general, the momentum-frequency dispersion rela-
tion can be rigorously defined mathematically in two
equivalent ways [33]. They are either using a real-valued
ω to determine the complex-valued k, or using a real-
valued k to determine the complex-valued ω. Figure 2
presents the dispersion relations in the form k(ω) with
the real-valued ω and the complex-valued in-plane k,
where the actual eigen modes of the system are given
by the graph segments with the positive imaginary parts
of k as mentioned above. One can clearly see a big dif-
ference between the conventional thin films and the ul-
trathin TD films of the same material composition. In
Fig. 2 (a), the two SP modes are degenerated below the
plasma frequency. Above the plasma frequency they turn
into half-wavelength modes responsible for the resonance
light reflection (or transmission) as expected [34]. The
plasma frequency itself (traced by the vertical green dot-
ted line) is very close to ω3Dp and d independent. In
Fig. 2 (b), the mode degeneracy is lifted below the plasma
frequency, and the half-wavelength modes disappear to
reveal a new feature in a very narrow frequency range
above the plasma frequency. Here, the short-range (blue)
5SP mode turns into a very sharp [flat if inverted to the
ω(k) form] long-range SP mode. This overall effect looks
similar to that earlier reported for ultrathin films within
the standard local Drude response model [12]. However,
the KR confinement-induced nonlocal response model we
use herein reveals new and essential details. Firstly, at
fixed d the effect occurs when Re ǫ of Eq. (10) changes
its sign from negative to positive as ω increases. Sec-
ondly, the SP dispersion in this domain can be found
analytically from Eqs. (11) and (12). Finally and most
importantly, the effect can be controlled by adjusting the
parameters of the ultrathin TD film such as ε, ε1,2 and d
through its plasma frequency which according to Eqs. (1)
and (3) is now thickness dependent.
Biexponential spontaneous decay.— For ultrathin TD
plasmonic films, due to their SP mode degeneracy lift-
ing, a DE in close proximity to the surface of the film
can couple to each of the split ENZ modes individually.
Figure 3 presents the spontaneous decay rates relative to
vacuum (Γ0=4|d|2ω3/3h¯c3 [27]) calculated from Eq. (4)
using Eqs. (5)–(8). In Fig. 3 (a), one can see the dimen-
sionless distance dependence for the perpendicular (zz)
and parallel (xx) dipole orientation near the film of thick-
ness d=60 nm as sketched in the inset. The evanescent
wave contribution is shown separately and is seen to be
determinative, whereas the propagating wave contribu-
tion gives the oscillatory distance-dependent behavior.
At this thickness, from Fig. 1 (b) one can find the two
ENZ modes that are available for the DE to couple to,
leading to a peculiar thickness-controlled feature — the
biexponential spontaneous decay. This can be seen in
more details in Fig. 3 (b), which presents the distance
dependence for d=10, 20, and 60 nm. Here, the evanes-
cent wave contribution totally dominates, and the overall
decay rate enhancement effect is between two and three
orders of magnitude. The dotted blue line segments guide
the eye for the biexponential decay effect, whereby the
spontaneous emission proceeds with two different rates
depending on the DE distance from the surface of the
film. Decreasing d enhances the decay rate further to
give more than three orders of magnitude enhancement
for d = 10 nm. According to Fig. 1 (b) and Eq. (11),
only the x− mode with a tiny x∼0.01 is available in the
domain 0<Re ǫ< 1 at this thickness, which is a feature
of nonlocality. It is the DE coupling to this mode that
makes this drastic decay rate enhancement. The stronger
z-oriented dipole decay comes from the dipole emission
angular distribution being predominantly perpendicular
to the axis of the dipole.
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